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Heyde, C. C. & Seneta, E. (Eds.). (2001).Statisticians of the Centuries. Berlin:
Springer. Associate editors: P. Crépel, S. E. Fienberg, and J. Gani.

Hille, B. (2001). Ionic Channels of Excitable Membranes(Third ed.). Sunderland,
MA: Sinauer.

Hohn, N., Veitch, D., & Abry, P. (2003). Cluster processes, a natural language for
network traffic.IEEE Transactions on Signal Processing,51, 2229–2244. Special
Issue on Signal Processing in Networking.

Holden, A. V. (1976).Models of the Stochastic Activity of Neurones. Number 12 in
Lecture Notes in Biomathematics. Berlin: Springer. S. Levin, Managing Editor.

Holtsmark, J. (1919).̈Uber die Verbreiterung von Spektrallinien.Annalen der Physik,
58, 577–630.
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Mathematische Annalen, 109, 604–615.

Khinchin, A. Y. (1955). Mathematical Methods in the Theory of Queueing (in Rus-
sian). Trudy Matematicheskogo Instituta imeni V. A. Steklova,47. Translation:
(1960). (D. M. Andrews and M. H. Quenouille, Trans.) London: Griffin. Second
edition: (1969).

Kiang, N. Y.-S., Watanabe, T., Thomas, E. C., & Clark, L. F. (1965).Discharge
Patterns of Single Fibers in the Cat’s Auditory Nerve. Research Monograph No. 35.
Cambridge, MA: MIT Press.

Kingman, J. F. C. (1993).Poisson Processes. Oxford, UK: Oxford.

Klafter, J., Shlesinger, M. F., & Zumofen, G. (1996). Beyond Brownian motion.
Physics Today,49(2), 33–39.

Kleinrock, L. (1975). Queueing Systems, Volume I: Theory. New York: Wiley–
Interscience.

Knoll, G. F. (1989).Radiation Detection and Measurement(Second ed.). New York:
Wiley.

Kobayashi, M. & Musha, T. (1982).1/f fluctuation of heartbeat period.IEEE
Transactions on Biomedical Engineering, BME-29, 456–457.

Koch, C. (1999). Biophysics of Computation: Information Processing in Single
Neurons. New York: Oxford.

Kodama, T., Mushiake, H., Shima, K., Nakahama, H., & Yamamoto, M. (1989). Slow
fluctuations of single unit activities of hippocampal and thalamic neurons in cats.
I. Relation to natural sleep and alert states.Brain Research, 487, 26–34.

Kogan, S. (1996).Electronic Noise and Fluctuations in Solids. Cambridge, UK:
Cambridge.

Kohlrausch, R. (1854). Theorie des elektrischen Rückstandes in der Leidener Flasche.
Annalen der Physik und Chemie (Poggendorf),91, 179–214.

Kohmoto, M., Sutherland, B., & Tang, C. (1987). Critical wave functions and a
Cantor-set spectrum of a one-dimensional quasicrystal model.Physical Review B,
35, 1020–1033.

S. B. Lowen and M. C. Teich Fractal-Based Point Processes Wiley (Hoboken, NJ), 2005



BIBLIOGRAPHY 535
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Kolmogorov, A. N. (1941).Über das logarithmisch normale Verteilungsgesetz der
Dimensionen der Teilchen bei zerstückelung.Doklady Akademii Nauk SSSR,31(2),
99–101.

Kolmogorov, A. N. & Dmitriev, N. A. (1947). Branching stochastic processes (in
Russian).Doklady Akademii Nauk SSSR, 56(1), 7–10.

Komenani, E. & Sasaki, T. (1958). On the stability of traffic flow.Journal of Opera-
tions Research (Japan),2, 11–26.

Kou, S. C. & Xie, X. S. (2004). Generalized Langevin equation with fractional
Gaussian noise: Subdiffusion within a single protein molecule.Physical Review
Letters,93, 180603.

Krapivsky, P. L., Redner, S., & Leyvraz, F. (2000). Connectivity of growing random
networks.Physical Review Letters, 85, 4629–4632.

Krapivsky, P. L., Rodgers, G. J., & Redner, S. (2001). Degree distributions of growing
networks.Physical Review Letters, 86, 5401–5404.

Krishnam, M. A., Venkatachalam, A., & Capone, J. M. (2000). A self-similar point
process through fractal construction. In Pujolle, G., Perros, H. G., Fdida, S.,
Körner, U., & Stavrakakis, I. (Eds.),Proceedings of International Conference
NETWORKING 2000: Broadband Communications, High Performance Network-
ing, and Performance of Communication Networks, Paris, volume 1815 ofLecture
Notes in Computer Science, (pp. 252–263). IFIP-TC6/European Union, Springer.

Kumar, A. R. & Johnson, D. H. (1993). Analyzing and modeling fractal intensity
point processes.Journal of the Acoustical Society of America,93, 3365–3373.

Kurtz, T. G. (1996). Limit theorems for workload input models. In Kelly, F. P.,
Zachary, S., & Ziedins, I. (Eds.),Stochastic Networks: Theory and Applications,
Royal Statistical Society Lecture Note Series 4, (pp. 119–140). Oxford.

Kuznetsov, P. I. & Stratonovich, R. L. (1956). On the mathematical theory of corre-
lated random points.Izvestiya Akademii Nauk Azerbaidzhanskoi SSR Seriya Fizika:
Tekhnicheskikh I Matematicheskikh Nauk, 20, 167–178.

Kuznetsov, P. I., Stratonovich, R. L., & Tikhonov, V. I. (Eds.). (1965).Non-Linear
Transformations of Stochastic Processes. Oxford, UK: Pergamon. Translation
edited by J. Wise and D. C. Cooper.

S. B. Lowen and M. C. Teich Fractal-Based Point Processes Wiley (Hoboken, NJ), 2005



536 BIBLIOGRAPHY

Lapenna,V., Macchiato, M., & Telesca, L. (1998).1/fβ fluctuations and self-
similarity in earthquake dynamics: Observational evidences in southern Italy.
Physics of the Earth and Planetary Interiors,106, 115–127.

Lapicque, L. (1907). Recherches quantitatives sur l’excitationélectrique des nerfs
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ematica,7, 283–339.

Lévy, P. (1948).Processus stochastiques et mouvement brownien. Paris: Gauthier-
Villars. Second edition: (1965).
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à soi; applicatioǹa la loi climatologique de H. E. Hurst.Comptes Rendus de
l’Académie des Sciences (Paris),260 (Series 1), 3274–3277.

Mandelbrot, B. B. (1967a). How long is the coast of Britain? Statistical self-similarity
and fractional dimension.Science, 156, 636–638.

Mandelbrot, B. B. (1967b). Some noises with1/f spectrum, a bridge between direct
current and white noise.IEEE Transactions on Information Theory,IT-13, 289–
298.

Mandelbrot, B. B. (1969). Long-run linearity, locally Gaussian processes,H-spectra
and infinite variances.International Economic Review,10, 82–113.

Mandelbrot, B. B. (1972). Renewal sets and random cutouts.Zeitschrift f̈ur
Wahrscheinlichkeitstheorie,22, 145–157.

Mandelbrot, B. B. (1974). Intermittent turbulence in self-similar cascades: Diver-
gence of high moments and dimension of the carrier.Journal of Fluid Mechanics,
62, 331–358.

Mandelbrot, B. B. (1975). Stochastic models for the earth’s relief, the shape and the
fractal dimension of the coastlines, and the number–area rule for islands.Proceed-
ings of the National Academy of Sciences (USA), 72, 3825–3828.

Mandelbrot, B. B. (1982).The Fractal Geometry of Nature(Second ed.). New York:
W. H. Freeman.

Mandelbrot, B. B. (1997).Fractals and Scaling in Finance: Discontinuity, Concen-
tration, Risk. Berlin: Springer.

Mandelbrot, B. B. (1999).Multifractals and1/f Noise: Wild Self-Affinity in Physics
(1963-1976). Berlin: Springer.

Mandelbrot, B. B. (2001).Gaussian Self-Affinity and Fractals. Berlin: Springer.

Mandelbrot, B. B. & Hudson, R. L. (2004).The (Mis)Behavior of Markets: A Fractal
View of Risk, Ruin, and Reward. New York: Basic.

S. B. Lowen and M. C. Teich Fractal-Based Point Processes Wiley (Hoboken, NJ), 2005



542 BIBLIOGRAPHY

Mandelbrot,B. B. & Van Ness, J. W. (1968). Fractional Brownian motions, fractional
noises and applications.Society for Industrial and Applied Mathematics (SIAM)
Review,10, 422–437.

Mandelbrot, B. B. & Wallis, J. R. (1969a). Computer experiments with fractional
Gaussian noises. Part 1: Averages and variances.Water Resources Research,5,
228–241.

Mandelbrot, B. B. & Wallis, J. R. (1969b). Computer experiments with fractional
Gaussian noises. Part 2: Rescaled ranges and spectra.Water Resources Research,
5, 242–259.

Mandelbrot, B. B. & Wallis, J. R. (1969c). Robustness of the rescaled rangeR/S in
the measurement of noncyclic long run statistical dependence.Water Resources
Research,5, 967–988.

Mannersalo, P. & Norros, I. (1997). Multifractal analysis of real ATM traffic: A
first look. Technical Report COST257TD(97)19, VTT Information Technology,
Espoo, Finland.

Marinari, E., Parisi, G., Ruelle, D., & Widney, P. (1983). On the interpretation of1/f
noise.Communications in Mathematical Physics,89, 1–12.

Masoliver, J., Montero, M., & McKane, A. (2001). Integrated random processes
exhibiting long tails, finite moments, and power-law spectra.Physical Review E,
64, 011110.

Matsuo, K., Saleh, B. E. A., & Teich, M. C. (1982). Cascaded Poisson processes.
Journal of Mathematical Physics, 23, 2353–2364.

Matsuo, K., Teich, M. C., & Saleh, B. E. A. (1983). Thomas point process in pulse,
particle, and photon detection.Applied Optics, 22, 1898–1909.

Matsuo, K., Teich, M. C., & Saleh, B. E. A. (1984). Poisson branching point processes.
Journal of Mathematical Physics, 24, 2174–2185.
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Grüneis (1984), 218, 335, 529
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Grüneis & Musha (1986), 218, 219, 529
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Takács (1960), 85, 555
Takayasu et al. (1988), 199, 555
Taqqu (2003), 136, 555
Taqqu & Levy (1986), 177, 335, 555
Taqqu & Teverovsky (1998), 62, 289,

555
Taqqu et al. (1995), 274, 309, 555
Taqqu et al. (1997), 331, 555
Taubes (1998), 325, 555
Taylor (2002), 45, 555
Teich (1981), 202, 206, 555
Teich (1985), 249, 555
Teich (1989), 16, 42, 45, 555
Teich (1992), 42, 145, 249, 555
Teich & Cantor (1978), 227, 263, 555
Teich & Diament (1980), 237, 555
Teich & Diament (1989), 95, 556
Teich et al. (1997), 16, 42, 183, 204, 485,

556

Teich et al. (1996), 16, 42, 51, 58, 74,
113, 117, 296, 351, 484, 556,
558

Teich et al. (1990), 42, 145, 202, 204,
249, 427, 556–558

Teich & Khanna (1985), 227, 249, 556
Teich et al. (1993), 227, 232, 476, 556
Teich & Lowen (1994), 42, 249, 556
Teich & Lowen (2003), 145, 217, 556
Teich et al. (2001), 16, 44, 145, 227, 275,

556
Teich et al. (1991), 42, 556
Teich et al. (1978), 227, 237, 556
Teich & McGill (1976), 147, 237, 556
Teich et al. (1982a), 202, 557
Teich et al. (1982b), 202, 557
Teich & Rosenberg (1971), 36, 557
Teich & Saleh (1981a), 202, 557
Teich & Saleh (1981b), 202, 557
Teich & Saleh (1982), 227, 232, 233,

236, 557
Teich & Saleh (1987), 202, 206, 557
Teich & Saleh (1988), 88, 202, 557
Teich & Saleh (1998), 202, 557
Teich & Saleh (2000), 88, 202, 557
Teich et al. (1984), 202, 264, 483, 557
Teich & Turcott (1988), 42, 558
Teich & Vannucci (1978), 227, 237, 483,

501, 558
Teicher et al. (1996), 16, 44, 558
Telesca et al. (2004), 77, 558
Telesca et al. (1999), 155, 222, 558
Telesca et al. (2002a), 155, 558
Telesca et al. (2002b), 222, 558
Terman (1947), 34, 558
Tewfik & Kim (1992), 114, 139, 296,

297, 300, 558
Theiler (1990), 74, 75, 558
Theiler et al. (1992), 227, 253, 559
Theiler & Prichard (1996), 253, 559
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Wiener–Ĺevy process, 19
zero crossings, 15

Burgess variance theorem, 231
burst noise,Seealternating renewal pro-

cess(es)

Cantor, Georg, 9
Cantor set, 17–19

fat, 18
Hausdorff–Besicovitch dimension,

75
membership, 47
photonic multilayer-structure ver-

sion, 40
randomized version, 95
semiconductor multilayer-structure

version, 40
triadic, 17
variant, 46, 133–134

capacity dimension,Seedimension
capacity-dimension scaling function,See

dimension
cascaded process(es), 93–95

applications of, 202, 323
Bartlett–Lewis, 94, 98–99, 324
branching, 95
cluster, 93
compound, 93
doubly stochastic Poisson process

version, 95, 333, 336, 346

S. B. Lowen and M. C. Teich Fractal-Based Point Processes Wiley (Hoboken, NJ), 2005



SUBJECT INDEX 579

fractal Bartlett–Lewis, 218–219, 335–
336, 345–351

fractal Neyman–Scott, 336–337, 345–
351

Neyman–Scott, 93, 202, 204, 324
Poisson branching, 95
Thomas, 95, 206
Yule–Furry, 95

central limit theorem, 36, 173, 174, 181,
188, 191, 216, 306

central nervous system,Seeaction po-
tentials
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254, 265, 266, 270, 275–282,
284–289, 291, 293, 296–304,
306, 307, 309–312, 325–327,
330, 339–344, 348, 349, 351,
353

normalized Haar-wavelet variance,
relation to normalized vari-
ance, 62, 68–69, 112, 209–
211, 284, 296, 344

normalized variance, 66, 68–69, 71,
73, 79, 80, 96–99, 105, 107,
109–110, 112, 121, 124, 126,
127, 133, 134, 212, 219, 222,
231, 234, 236, 282–284, 286–
288, 296, 311, 312, 344

normalized wavelet cross-correlation
function, 77

periodic processes, 64
periodogram, 70
rate-based measures, 64
relation to interval statistics, 65, 344
relationship among measures, 114–

115
renewal process,Seerenewal pro-

cess(es)
sample rate, 64
shot-noise-driven Poisson process,

Seedoubly stochastic Pois-
son process(es)

skewness, 65
spectrum, 39, 43, 64, 70, 73, 80,

87, 88, 97, 103, 111, 113–
117, 121, 122, 124–126, 133,
134, 234, 236, 245, 247, 249,
250, 253, 254, 271, 275, 282,
304–312, 325–326, 339–341,
344, 348, 349, 351

Thomas distribution, 206
variance-to-mean ratio, 66

Cox, David R., vi, viii, 81, 88
Cox process,Seedoubly stochastic Pois-

son process(es)
cross-spectrum,Seecounting statistics

data-transmission errors,Seefractal re-
newal process(es)
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dead-time deletion,Seeevent deletion
decimation,Seeevent deletion
deletion,Seeevent deletion
detrended fluctuation analysis,Seeinter-

val statistics
developmental disorders, 44
developmental insults, 44
diffusion processes,Seepower-law be-

havior
dilation, Seeoperations on point pro-

cesses
dimension

box-counting, 12, 14, 75, 164, 237
Cantor set, 18
Cantor-set variant, 46
capacity, 12, 14, 75, 96, 131, 164,

237
capacity-dimension scaling func-

tion, 131, 132, 343
correlation, 75, 96
Euclidian, 11, 23, 35, 75, 223
generalized, 74–76, 96, 130–132,

256, 332, 343
generalized-dimension scaling func-

tion, 76, 131, 132, 266, 267
Hausdorff–Besicovitch, 75
information, 75
Kolmogorov entropy, 75
monofractal, 18, 75, 121
multifractal, 75
of a space, 11
of an object, 11
of diffusion processes, 34–35
of point processes, 75–76, 96, 111,

121, 126, 130–132, 256, 272,
332, 343

Rényi entropy, 74
topological, 11, 75
wavelet estimate of, 75

Dirac delta function, special property of,
92, 228

dispersion ratio,Seecounting statistics
displacement,Seeoperations on point

processes
doubly stochastic Poisson process(es),

87–90
autocorrelation, 88
cascaded-process isomorph, 95, 333,

336, 346

coincidence rate, 88
counting statistics, 88–89
dead-time-modified, 237–241
exponential interval density, 89–90,

125, 249, 272, 281
factorial moments, 88
fractal-binomial-noise-driven, 174,

182, 183, 272
fractal-Gaussian-process-driven, 124–

125, 145, 183, 217, 229, 249,
270, 275–281, 310, 328, 335,
352–353

fractal-lognormal-noise-driven, 250
fractal-rate-driven, 124, 262
fractal-shot-noise-driven,Seefractal-

shot-noise-driven point pro-
cess(es)

integrated rate, 88
interval density, 89
interval statistics, 89–90
multistage shot-noise-driven, 95
random deletion of, 236
rate coefficient of variation, 89–90,

281
renewal version of, 90
shot-noise-driven, 90, 202–204
simulation of, 270, 310
spectrum, 88
superposition of,Seesuperposition

drug abuse, 44

earthquakes, 33, 40, 77, 150, 155, 204,
222–223

emotional state, 44
equilibrium counter,Seeevent deletion
Erlang, Agner Krarup, 97, 313, 315, 316,

319
Euclidian dimension,Seedimension
event deletion, 226, 229–241

Bernoulli random deletion, 226, 227,
230–236, 262–263, 344

blocked counter, 236, 264
Burgess variance theorem, 231
dead-time deletion, 226, 227, 230,

236–241, 262–264
decimation, 97, 226, 227, 230–232,

262–264
decimation parameter, 231
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doubly stochastic Poisson process,
Seedoubly stochastic Pois-
son process(es)

effects on fractal features, 229–231,
236

equilibrium counter, 236, 264
experimental interval histograms,

232–233
experimental normalized Haar-wavelet-

variance curves, 235
experimental rate spectra, 234
fractal onset frequency, 232, 241
fractal onset time, 232, 241
fractal renewal process,Seefractal

renewal process(es)
general results, 229–231
homogeneous Poisson process,See

homogeneous Poisson process
limit of a homogeneous Poisson pro-

cess, 232
periodic process, 232–236
renewal process,Seerenewal pro-

cess(es)
type-p dead time, 236
unblocked counter, 236, 263, 264

excitable-tissue recordings, 41
expansion-modification systems, 37
exponentialization,Seeoperations on point

processes
extended dead time,Seeevent deletion

Fano factor, 66
Fatt & Katz, 45
Feller, William, vi, 225, 237
fern, 22
Fibonacci sequences,Seephotonic ma-

terials,Seesemiconductors
fixed dead time,Seeevent deletion
fluorescence fluctuations of nanoparti-

cles,Seealternating fractal re-
newal process(es)

Fourier, Jean-Baptiste, 101–102
fractal analysis,Seefractal parameter es-

timation
fractal-based point processes,Seepoint

process(es)
fractal binomial noise

as a rate function, 174, 182–183,
272, 334

as a sum of alternating fractal re-
newal processes, 173, 181

convergence to a Gaussian process,
181–182

fractal-binomial-noise-driven gamma pro-
cess, 183

fractal chi-squared noise, 145–147
as a rate function, 150–151
fractal exponential noise, 146
fractal noncentral chi-squared noise,

147
fractal noncentral Rician-squared

noise, 147
negative binomial counting distri-

bution, 146
noncentral negative binomial count-

ing distribution, 147
fractal exponent(s)

auditory nerve fiber,Seeaction po-
tentials

computer network traffic,Seecom-
puter network traffic

cutoffs, 14–15, 36, 103, 105, 107–
108, 133, 274, 330

diffusion,Seepower-law behavior
estimation of,Seefractal parame-

ter estimation
for fractal Bartlett–Lewis process,

219
for fractal point process, 121
for fractal-rate process, 124
for fractal shot noise,Seefractal

shot noise
for multifractals, 15, 75, 331
for nonstationary nonfractal pro-

cesses, 110, 112, 133
for normalized general-wavelet vari-

ance, 113–114
for normalized Haar-wavelet vari-

ance, 111–114
from autocorrelation, 110–111
from count-based autocovariance,

287
from interval spectrum, 126–128,

295
from normalized Daubechies-wavelet

variance, 120
from normalized detrended fluctu-

ations, 291
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from normalized Haar-wavelet vari-
ance, 117–119, 235, 246, 251,
254, 278, 299, 303

from normalized interval wavelet
variance, 127–129, 293

from normalized rate spectrum, 116–
118, 234, 245, 250, 253

from normalized rescaled range, 289
from normalized variance, 109–110,

126, 127, 285
from rate spectrum, 307
human heartbeat,Seeheartbeat
Hurst exponent, 137, 143–144, 287,

289
lateral geniculate nucleus,Seeac-

tion potentials
limited range of, 109–111
negative values of, 107–109, 133
observed values of, 109
range of values, 107–114
relations among, 105, 107, 114–

115, 133
relative strength of fluctuations, 103,

273
retinal ganglion cell,Seeaction po-

tentials
same exponent from different frac-

tal renewal processes, 166
spectrum, 133
striate cortex,Seeaction potentials
superposition,Seesuperposition
time varying, 331
under exponentialization, 250, 251,

264
under general deletion, 229–231
under random deletion, 234, 235
under random displacement, 245,

246
under shuffling, 253, 254
values in biological systems, 34
vesicular exocytosis,Seevesicular

exocytosis
visual-system interneuron,Seeac-

tion potentials
fractal exponential noise, 146
fractal Gaussian process(es), 144–145

as a rate function, 145, 216–217

as a sum of alternating fractal re-
newal processes, 173, 181–
182

nomenclature for fractional processes,
143–145

fractal lognormal noise, 147–149
as a rate function, 148–149, 151–

152
rate statistics, 147–148

fractal networks,Seescale-free networks
fractal noncentral chi-squared noise, 147
fractal noncentral Rician-squared noise,

147
fractal parameter estimation, 269–312

asymptote subtraction, 312
autocovariance, 285–287
bias from cutoffs, 274
bias/variance tradeoff, 311
choice of scaling range, 274
coincidence-rate limitations, 311
comparison of measures, 309–310
count-based measures, 282–287
counting-time increments, 297–299,

303
counting-time oversampling, 302–

304
counting-time weighting, 298–302
detrended fluctuations, 289–291
discrete-time processes, 274
estimator bias, 274, 278–280, 284,

285, 287, 289, 291, 293, 295,
307

estimator root-mean-square error,
278, 285, 287, 289, 291, 293,
295, 299, 303, 307

estimator standard deviation, 278,
285, 287, 289, 291, 293, 295,
307

estimator variance, 273
fractal exponents, 107, 126, 270,

273–281, 285, 287, 289, 291,
293, 295, 299, 303, 307

heart rate variability, 274–275
interval-based measures, 287–296
interval spectrum, 294–296
interval wavelet variance, 291–293
limitations of, 310
maximum-likelihood approach, 274
nonparametric approach, 273–274
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normalized general-wavelet variance,
296–297

normalized Haar-wavelet variance,
276–281, 296–304, 344

normalized variance, 127, 282–285,
296, 311, 344

optimal measures, 271, 309
rate spectrum, 133, 304–309, 311
rescaled range, 287–289
robustness/error tradeoff, 311
simulations, 270, 275–278, 284–

295, 297, 299, 303, 305, 307,
310, 312

speed/accuracy tradeoff, 274
fractal point processes,Seepoint pro-

cess(es)
fractal-rate point processes,Seepoint pro-

cess(es)
fractal renewal process(es), 87, 124, 131,

132, 154–166, 281
capacity dimension, 164
characteristic function, 155, 156,

166
coincidence rate, 159–160
comparison with homogeneous Pois-

son process, 122
computer cache misses, 155
computer network traffic, 334
counting distribution, 163
data-transmission errors, 40, 154,

166–167
earthquake occurrences, 155
effect of interval-density exponent,

157
factorial moments, 160–161
features of, 122
forward recurrence time, 262
fractal exponents, 158
fractal onset frequency, 166
generalized inverse Gaussian den-

sity, 156
generalized Pareto density, 165
interneuron counterexample, 167–

168, 265–267
interval density, 155–157
interval density with abrupt cutoffs,

155
interval density with smooth tran-

sitions, 156–157

interval moments, 155, 156
molecular evolution, 168–169
nondegenerate realization, 164–166
normalized Haar-wavelet variance,

162
normalized variance, 160–162
Pareto density, 154–155
point-process spectrum, 157–159,

166
random deletion of, 236, 263
same fractal exponent from differ-

ent interval densities, 166
simulation time, 166, 312
stable distribution, 157
superposition of,Seesuperposition
trapping in semiconductors, 169,

224
Wald’s Lemma, 164

fractal shot noise, 186–197
amplitude statistics, 189–193
as a rate function, 90, 202–205
autocorrelation, 194–195
characteristic function, 189–190
cumulants, 190
degenerate, 188, 193
fractal exponents, 195–197
Gaussian limit, 145, 188
impulse response function, 187–188,

202, 205
integrated, 204–205
mass distributions, 198–199
multifractal impulse response func-

tion, 331
parameter ranges, 188, 189
point processes from,Seedoubly

stochastic Poisson process(es)
power-law-duration variant, 188–

189, 198, 336, 352
spectrum, 188, 195–197
stable distribution, 188, 192, 193,

197
sums of, 198

fractal-shot-noise-driven integrate-and-
reset process,Seefractal-shot-
noise-driven point process(es)

fractal-shot-noise-driven point process(es),
202–217

applications of, 204
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applications of the Neyman Type-
A distribution, 202

applications of the shot-noise-driven
Poisson process, 202

Čerenkov radiation, 220–222
coincidence rate, 214
computer network traffic, 328, 335–

337, 352–353
counting distribution, 205–206
counting statistics, 205–212
design of, 220
diffusion, 223
earthquakes, 222–223
factorial moments, 207–208
forward recurrence time, 212–213
fractal exponents, 209, 211, 214,

215
fractal-Gaussian-process-driven limit,

216–217
fractal-shot-noise-driven integrate-

and-reset process, 217
fractal-shot-noise-driven Poisson pro-

cess, 90, 202–217
Hawkes point process, 217
impulse response function without

cutoffs, 220
interval density, 212–213, 219, 272
multifractal version, 331
Neyman–Scott process, 202, 204
Neyman Type-A distribution, 202,

206
normalized Haar-wavelet variance,

210–212
normalized variance, 208–209, 219
self-exciting point process, 217
semiconductor particle detectors, 223–

224
spectrum, 215–216

fractal-shot-noise-driven Poisson process,
Seefractal-shot-noise-driven
point process(es)

fractals
and Kant, 33
and Kohlrausch, 33
and Laplace, 33
and Leibniz, 33
and Weber, 33
and Weierstraß, 33
artificial, 16–21

chaos, connection to, 24–32
coastlines, 2–4, 6
convergence to stable distributions,

35–36
deterministic, 13, 16–19, 21–22
diffusion processes, 34–35
dynamical processes, 13
examples of fractals, 16–23, 28–

30, 33, 115–120
examples of nonfractals, 23–24, 26–

28
expansion-modification systems, 37
highly optimized tolerance, 37
historical antecedents, 32–33
in art, 45
in ecology, 26, 41
in human behavior, 43–44
in mathematics, 39–40
in medicine, 43–44
in music, 116
in the biological sciences, 41–44
in the neurosciences, 41–43
in the physical sciences, 39–40
in the psychological sciences, 42,

43, 45, 116
in vehicular-traffic flow, 4, 44, 45,

50, 116
laws of physics, 33–34
lognormal distribution, 36, 147
long-range dependence, 14–15
natural, 16, 21–23
noninteger dimension, 14
objects, 4
onset frequencies, 114–115
onset times, 114–115
origins of fractal behavior, 32–39,

329–330
Pareto’s Law, 33
pink noise, 115–116
power-law behavior, connection to,

14, 32–39
putative exponential cutoff, 39
random, 13, 16, 19–23
range of time constants, 38–39, 332
recognizing the presence of fractal

behavior, 44–45
salutary features of fractal behav-

ior, 41, 45
scale-free networks, 37–38, 45
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scaling, connection to, 13–15
self-organized criticality, 37
static, 13
ubiquity of fractal behavior, 39–44

fractals in human behavior
attention-deficit hyperactivity dis-

order, 44
developmental disorders, 44
developmental insults, 44
drug abuse, 44
mood fluctuations, 43

fractals in mathematics
convergence to stable distributions,

35–36
fractal geometry, 40
lognormal distribution, 36

fractals in medicine
blood flow, 116
congestive heart failure, 275
fluctuations in human standing, 43
heart rate variability, 43–44, 270,

274–275
pain relief, 45
sensitization of baroreflex function,

45
fractals in the neurosciences

action potentials in auditory nerve
fibers, 42, 131, 145, 147, 249

action potentials in central-nervous-
system neurons, 42, 131

action potentials in isolated prepa-
rations, 41–42

action potentials in visual-system
neurons, 42, 77, 131, 183, 217,
267

cognitive processes, 43, 116
electroencephalogram fluctuations,

116
excitable-tissue fluctuations, 41, 92,

116, 149, 151, 173
ion-channel transitions, 41, 151, 173
neuronal avalanches in slice prepa-

rations, 42
sensory detection and estimation,

42–43, 45
vesicular exocytosis, 41, 131, 132,

149, 151–152
fractals in the physical sciences

Čerenkov radiation, 34, 40, 204,
220–222

computer network traffic, 40, 313–
354

data-transmission errors, 40, 154,
166–167

diffusion processes, 34–35, 204, 223
earthquake occurrences, 33, 40, 77,

150, 155, 204, 222–223
highly optimized tolerance, 37
laws of physics, 33–34
light scattering, 36, 40, 173
photonics, 40
self-organized criticality, 37, 222
semiconductors, 34, 39, 40, 116,

169, 172, 173, 223–224
fractional Brownian motion, 136–141

as a model for computer network
traffic, 325, 331

as a rate function, 140–141
autocorrelation, 137, 150
autocorrelation coefficient, 150
definition, 21, 137
generalized dimensions, 139–140
generation by fractional integration,

144
history, 136
Hurst exponent, 137
level crossings, 138
nomenclature for fractional processes,

143–145
ordinary Brownian motion,SeeBrow-

nian motion
properties, 138–139
realizations, 139–140
relation of Hurst and scaling expo-

nents, 143–144
relation to fractional Gaussian noise,

141
relation to ordinary Brownian mo-

tion, 137
self-similarity, 138
stationary increments, 137, 150
synthesis, 139
Wigner–Ville spectrum, 138–139
zero crossings, 15

fractional Gaussian noise, 141–142
as a rate function, 142
definition, 141
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generalized dimensions, 142
generation by fractional integration,

144
in a Langevin equation, 35
nomenclature for fractional processes,

143–145
properties, 141–142
realizations, 142–143
relation of Hurst and scaling expo-

nents, 143–144
relation to fractional Brownian mo-

tion, 141
synthesis, 142
Wigner–Ville spectrum, 141–142

gamma renewal process,Seerenewal pro-
cess(es)

Gauss, Carl Friedrich, 36, 171, 173
generalized dimension,Seedimension
generalized-dimension scaling function,

Seedimension
generalized inverse Gaussian density, 156
Grand Canyon river network, 22
Greenwood, Major, 49, 64, 147
Gutenberg–Richter Law, 33

Haar, Alfréd, 68, 101, 102
Hausdorff–Besicovitch dimension,See

dimension
heart rate variability, 44, 270, 274–275
heartbeat, 43, 50, 64, 79, 116–119, 128–

131, 145, 232–235, 244–246,
250, 251, 253, 254, 264, 274–
275, 293, 345

heavy-tailed distributions,Seeinterval
statistics

highly optimized tolerance, 37
hippocampus,Seeaction potentials
Holtsmark distribution, 193
homogeneous Poisson process, 3, 23–

24, 71, 82–85, 96–97, 108,
122, 124, 125, 131, 132, 167,
198, 231, 236, 246, 249, 255,
258, 260, 276, 278, 281, 316–
320, 323, 325, 328, 335, 352

dead-time-modified, 237–238, 249,
262–264

decimated, 97, 263–264
factorial moments, 84

moments, 83
human standing, 43
Hurst, Harold Edwin, 59, 269, 287
Hurst exponent,Seefractal exponent(s)
hypothesis testing,Seeoperations on point

processes

Icelandic coastline, 14
index of dispersion,Seecounting statis-

tics
information dimension,Seedimension
integrate-and-reset process(es), 91–93

dead-time-modified, 237, 241
decimated, 231
fractal-binomial-noise-driven, 174,

183
fractal-Gaussian-process-driven, 145,

243
fractal-shot-noise-driven, 217
gamma-distributed rate, 98
identification of, 273
interval density, 92
interval moments, 92
interval statistics, 91–92
kernel for heartbeat model, 293,

310
leaky, 93
model for action potentials, 91
modulated rate, 98, 110, 112
normalized variance, 96
oversampled sigma-delta modula-

tor, 91
packet generation, 334
point-process spectrum, 91
randomly deleted, 236
time-varying threshold, 92–93, 149

interevent-interval transformation,Seeop-
erations on point processes

interneuron,Seeaction potentials
interval statistics, 54–62

autocorrelation, 20, 57, 83, 282
characteristic function, 55–56
coefficient of variation, 55, 231,

233, 236, 345
cumulants, 55, 56
density, 55, 89–90, 121, 129–130,

227, 281
detrended fluctuation pseudocode,

62
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detrended fluctuation statistic, 61–
62, 79, 282

detrended fluctuation statistic, nor-
malized form, 62, 289–291

discriminating among fractal-rate
processes, 310–311

distribution, 281
doubly stochastic Poisson process,

Seedoubly stochastic Pois-
son process(es)

exponential density, 83, 89–90, 92,
97, 125

fractal renewal process,Seefractal
renewal process(es)

fractal-shot-noise-driven point pro-
cess,Seefractal-shot-noise-
driven point process(es)

heavy-tailed distributions, 13, 56,
57, 328, 333, 337

homogeneous Poisson process,See
homogeneous Poisson process

infinite moments, 56, 79, 165
integrate-and-reset process,Seeintegrate-

and-reset process(es)
interval ordering, 90, 227, 247–254,

256, 281, 345
kurtosis, 55, 79, 175, 179
limitations of, 122–124, 281–282,

344
moments, 55, 60
normalized wavelet variance, 59
Pareto distribution, 57, 138, 154,

155, 165
periodic processes, 64, 96
periodogram, 70
power-law distribution,Seefractal

renewal process(es)
recurrence time, 56, 65, 79, 80, 96
relation to counting statistics, 65,

344
rescaled range pseudocode, 60
rescaled range statistic, 59–60, 79,

282
rescaled range statistic, normalized

form, 60, 287–289
semi-invariants, 55
serial correlation coefficient, 57

shot-noise-driven Poisson process,
Seedoubly stochastic Pois-
son process(es)

skewness, 55, 79, 175, 179
spectrum, 42, 43, 58–59, 62, 64,

80, 83, 116, 126–128, 271,
275, 282, 294–296, 339–341,
344, 348, 349, 351

subexponential distributions, 57
survivor function, 55–57, 165, 238,

259–262
wavelet transform, 58
wavelet variance, 58–59, 62, 127–

129, 275, 282, 291–293, 344
Weibull distribution, 57, 328

interval transformation,Seeoperations
on point processes

ion channels,Seealternating fractal re-
newal process(es)

Isham, Valerie, vi

Kenrick, Gleason W., 172
knockout mice, 227
Kolmogorov, Andrei, 135–136

Lapicque, Louis, 81, 91
lateral geniculate nucleus,Seeaction po-

tentials
laws of physics,Seepower-law behavior
Leyden-jar discharge, 33, 39
light scattering,Seefractals
logistic equation, 26, 37
logistic map, 26, 28, 30, 46
lognormal distribution, 36, 57, 147
long-range dependence, 15
Lévy, Paul, 35, 36, 171, 174
Lévy dust,Seepoint process(es)
Lévy-stable distributions,Seestable dis-

tributions

Mandelbrot, Benoit, viii, 4, 135, 136,
153, 154

marked point process,Seepoint process(es)
medulla,Seeaction potentials
mixed Poisson process,Seedoubly stochas-

tic Poisson process(es)
molecular evolution,Seefractal renewal

process(es)
monofractals, 15–16, 274, 331
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mood fluctuations, 43
multidimensional point process,Seepoint

process(es)
multifractals, 15–16, 75, 188, 331–332,

353–354
multivariate point process,Seepoint pro-

cess(es)

Newton’s Law, 34
Neyman, Jerzy, 94, 201, 202
Neyman Type-A distribution,Seecount-

ing statistics
Neyman–Scott process,Seecascaded pro-

cess(es)
Nile river flow patterns, 59, 116, 269
noncentral limit theorem, 174
nonextended dead time,Seeevent dele-

tion
nonfractal(s)

Euclidian shapes, 6–7, 23
examples of, 14, 23–24, 26–28, 46
generalized dimensions, 75, 96
heart rate variability measures, 43,

275
homogeneous Poisson process,See

homogeneous Poisson process
influences, 279
orbits in a two-body system, 24
point processes,Seepoint process(es)
radioactive decay, 24, 50

nonparalyzable dead time,Seeevent dele-
tion

nonstationary point process,Seepoint
process(es)

normalization,Seeoperations on point
processes

normalized Haar-wavelet covariance,See
counting statistics

normalized Haar-wavelet variance,See
counting statistics

normalized variance,Seecounting statis-
tics

normalized wavelet cross-correlation func-
tion, 77

normalizing transformation,Seeopera-
tions on point processes

Omori’s Law, 33

on–off process,Seealternating renewal
process(es)

operations on point processes
block shuffling, 255, 262
bootstrap method, 255
event deletion,Seeevent deletion
event-time displacement, 145, 226,

242–247, 251, 254, 255, 262
hypothesis testing, 126, 247, 253,

254, 271
imposed by experimenter, 227
imposed by measurement system,

227
interval displacement, 242
interval exponentialization, 226, 227,

249–251, 255, 261, 264–267,
326, 327, 337, 343, 345

interval normalization, 249
interval shuffling, 226–227, 252–

256, 261–262, 265–267, 271,
326, 327, 337, 342–344, 351,
352

interval transformation, 226, 247–
251, 261–262

intrinsic to underlying process, 227
phase randomization, 227
point-process identification, 255–

256
superposition,Seesuperposition
surrogate data, 15, 126, 227, 247,

253, 265–267, 271
time dilation, 226, 228–229, 262

Palm, Conny, 50, 82, 257, 313, 315, 316
paralyzable dead time,Seeevent dele-

tion
Pareto, Vilfredo, 33, 153–154
Pareto distribution, 33, 138, 154–155,

165, 198, 346
Pareto’s Law, 138, 154
Penck, Albrecht, 1–2
periodogram,Seecounting statistics,See

interval statistics
phase randomization,Seeoperations on

point processes
photon statistics

betaluminescence, 202
cathodoluminescence, 202
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Čerenkov radiation, 34, 40, 204,
220–222

in presence of atmospheric turbu-
lence, 36

in presence of dead time, 263
radioluminescence, 202
scattered light, 40
superposed coherent and thermal

light, 147
thermal light, 146

photonic materials
diffractals, 40
fractal reflectance, 40
fractal transmittance, 40
group-velocity reduction, 40
light scattering, 40
multilayer structures, 40
phase screen, 40
pseudo-bandgaps, 40

Poincaŕe, Henri, 9, 25, 174
point process(es), 4–5, 50–80, 82–99

Bartlett–Lewis,Seecascaded point
process(es)

bivariate, 77
branching,Seecascaded process(es)
capacity dimension, 164
cascaded,Seecascaded process(es)
coincidence rate, 70–72, 74, 80,

105–106, 110–111, 133, 159–
160, 214

computer network traffic,Seecom-
puter network traffic

correlation in a bivariate process,
77–78

count-based measures, 63–70
deleted,Seeevent deletion
doubly stochastic Poisson,Seedou-

bly stochastic Poisson process(es)
early work, 50
estimation of,Seefractal parame-

ter estimation
examples of, 4, 79, 82–99
filtered general, 197–198
fractal, 76, 121–123, 131, 255
fractal-based, 4–5, 120–124, 130
fractal behavior in, 115–120
fractal parameter estimation,See

fractal parameter estimation

fractal-rate, 76, 123–124, 251, 255,
345

fractal renewal process,Seefractal
renewal process(es)

fractal-shot-noise-driven,Seefractal-
shot-noise-driven point pro-
cess(es)

from Brownian motion, 149–150
from fractal binomial noise, 182–

183
general measures of, 70–76
Hawkes, 217
homogeneous Poisson,Seehomo-

geneous Poisson process
identification of, 125–131, 255–256,

270–273, 337–351
infinitely divisible cascade, 123, 331
integrate-and-reset,Seeintegrate-

and-reset process(es)
intermittency, 122
interval-based measures, 54–62
limitations of measures, 282
Lévy dust, 15, 95–96, 138
marked, 54, 77, 176, 222, 334
measures of fractal behavior, 103–

107
modulated integrate-and-reset,See

integrate-and-reset point pro-
cess(es)

monofractal, 131
multidimensional, 82
multifractal, 123
multivariate, 77
Neyman–Scott,Seecascaded point

process(es)
nonfractal, 96, 124–125, 131
nonstationary, 71, 110, 112, 133–

134
operations on,Seeoperations on

point processes
orderly, 52–54, 66, 75, 79, 95, 96,

110, 174, 197, 206, 220
periodic, 91, 232–236
renewal,Seerenewal process(es)
right-continuous, 51
self-exciting, 217
sinusoidally modulated, 98
spectrum, 72–74, 80, 88, 91, 97,

103, 111, 115, 121, 122, 124,
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125, 133, 149, 151, 157–159,
166, 183, 215–216, 218–220,
230–232, 261, 262, 311, 312

spectrum, normalized form, 72
superposed,Seesuperposition

Poisson, Siḿeon Denis, 49, 63
Poisson process,Seehomogeneous Pois-

son process
power-law behavior

anharmonic-oscillator energy, 34
Čerenkov radiation, 34
computer file sizes, 33, 323, 329–

330, 335, 336
Coulomb’s Law, 34
diffusion processes, 34–35, 204, 223
dipole field, 34
expansion-modification systems, 37
fractal exponent,Seefractal expo-

nent(s)
fractals, connection to, 14, 32–39
Gutenberg–Richter Law, 33
harmonic-oscillator energy, 34
highly optimized tolerance, 37
Hooke’s Law, 34
hydrogen-atom energy, 34
infinite-quantum-well energy, 34
interval distribution,Seefractal re-

newal process(es)
Kepler’s Third Law, 34
Langmuir–Childs Law, 34
laws of physics, 33–34
line of charge, 34
logistic equation, 37
lognormal distribution, 36
mass distributions, 198–199
Newton’s Law, 34
Omori’s Law, 33
Pareto’s Law, 33, 138, 154–155,

165, 198, 346
preservation of, 103
quadrupole field, 34
quantum number, 34
relationships among measures, 114–

115
Richardson’s Law, 3
rigid-rotor energy, 34
scale-free networks, 37–38
scaling functions, 3, 12–13
self-organized criticality, 37

stable distributions, 35–36
superposed relaxation processes, 38–

39
time functions, 34
van der Waals force, 34

queueing theory,Seecomputer network
traffic

random deletion,Seeevent deletion
random telegraph signal,Seealternating

renewal process(es)
rate spectrum,Seecounting statistics
recovery function,Seeevent deletion
refractoriness,Seeevent deletion
relative dead time,Seeevent deletion
relative refractoriness,Seeevent dele-

tion
renewal process(es), 85–87

alternating,Seealternating renewal
process(es)

coincidence rate, 85–86
decimated Poisson process, 97, 263–

264
doubly stochastic Poisson version

of, 90
event deletion,Seeevent deletion
exponential density, 97
factorial moments, 87
fractal,Seefractal renewal process(es)
gamma density, 97
gamma density for computer net-

work traffic, 336
history of, 85
invariance to shuffling, 271
operations on,Seeoperations on

point processes
random deletion of, 236, 263
relation between interval and count-

ing statistics, 87
spectrum, 86–87, 97
superposition of,Seesuperposition

Rényi dimension,Seedimension
rescaled range analysis,Seeinterval statis-

tics
reticular formation,Seeaction potentials
retinal ganglion cell,Seeaction poten-

tials
Rice, Steven O., 147, 185, 186
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Richardson, Lewis Fry, 1–3
Rudin–Shapiro sequences,Seesemicon-

ductors

scale-free networks, 37–38, 40, 321–322
scaling,Seefractals
scaling cutoffs,Seefractal exponent(s)
scaling exponents,Seefractal exponent(s)
Schottky, Walter, 185, 186
Scott, Elizabeth, 201, 202
self-organized criticality, 37
semiconductors

fractional scaling exponents, 34
multilayer structures, 40
noise in, 39–40, 116, 169, 172, 173
particle detectors, 223–224
range of time constants, 39
trapping in, 169, 224

semi-experiments,Seeoperations on point
processes

shot noise, 186–187
amplitude, 186–187
as a rate function, 90
filtered general point process, 197–

198
fractal,Seefractal shot noise
Gaussian limit, 186, 191
generalized, 187
impulse response function, 202

shuffling, Seeoperations on point pro-
cesses

sick time,Seeevent deletion
somatosensory cortex,Seeaction poten-

tials
spectral smoothing, 117, 128, 326, 339
spectrum,Seecounting statistics,Seein-

terval statistics,Seepoint pro-
cess(es)

spike trains,Seeaction potentials
stable distributions, 35–36, 79, 157, 174,

192, 193
stochastic dead time,Seeevent deletion
striate cortex,Seeaction potentials
superposition

alternating renewal processes, 41,
173, 179–182

doubly stochastic Poisson processes,
258–259

fractal-based and homogeneous Pois-
son processes, 273

fractal-based point processes, 258,
261, 310

fractal content, 262
fractal Gaussian process and mod-

ulating stimulus, 145
fractal ion-channel transitions, 42
fractal renewal processes, 260–261
harmonic functions, 101
packet arrival times, 323
periodic series of events, 81
point processes, 84–85, 227, 256–

261
Poisson-process limit, 85
relaxation processes, 38–39
renewal processes, 259–260, 334
secondary events comprising, 218

surrogate data,Seeoperations on point
processes

survivor function,Seeinterval statistics
synapse,Seevesicular exocytosis

telephone network traffic, 40, 84, 97,
154, 166–167, 313, 315–320,
324

tent map, 46
thalamus,Seeaction potentials
thinning,Seeevent deletion
Thomas distribution,Seecounting statis-

tics
Thomas process,Seecascaded process(es)
Thue–Morse sequences,Seephotonic ma-

terials,Seesemiconductors
time dilation, Seeoperations on point

processes
time series, 4
topological dimension,Seedimension
translation,Seeoperations on point pro-

cesses
triadic Cantor set,SeeCantor set
type-p dead time,Seeevent deletion

unblocked counter,Seeevent deletion

Van Ness, John W., viii, 135, 136
variance-to-mean ratio,Seecounting statis-

tics
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vesicular exocytosis, 41–43, 117–119,
128–132, 149, 151–152, 233–
235, 244–246, 250, 251, 253,
254, 344, 345

visual-system interneuron,Seeaction po-
tentials

Wald’s Lemma, 164, 237
wavelet(s)

computer-network-traffic analysis,
336

Daubechies, 120
estimating the generalized dimen-

sion, 75
generating fractional Brownian mo-

tion, 139
Haar, 101, 269
higher-order moments, 332
interval wavelet variance,Seein-

terval statistics
normalized Daubechies-wavelet vari-

ance,Seecounting statistics
normalized general-wavelet variance,

Seecounting statistics
normalized Haar-wavelet covariance,

Seecounting statistics
normalized Haar-wavelet variance,

Seecounting statistics
removing trends, 62, 113
transform, 58, 67, 74

Weibull distribution, 57, 328
Wiener–Khintchine theorem, 73

Yule, G. Udny, 49, 64, 95, 147
Yule–Furry branching process,Seecas-

caded process(es)

zeta distribution, 33, 38
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